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Abstract--After a short historical introduction the role of Kekul6 structures in theoretical chemistry is 
summarized. The present work concentrates upon conjugated hydrocarbons with six-membered rings. 
In a mathematical treatment they are represented by benzenoid systems, which consist of congruent 
regular hexagons. The vertices represent carbon atoms. Relations are given between certain characteristic 
numbers, viz. the number of vertices of different kinds (secondary, tertiary, external, internal), number 
of edges and of the rings. Kekul6an and non-Kekul6an benzenoids are exemplified. The latter class 
consists of mathematical constructions without any possible Kekul6 structure. 
A great amount of work has been clone in the area of graph theory applied to benzenoids. Some of 
the most important theorems are summarized. Another approach employs group theory in the studies of 
the symmetry of Kekul6 structures. A benzenoid or one of its Kekul6 structures may belong to one of 
the following eight symmetry groups: r/~,, ~ 6h, -r/3h, ~ 3h, ~/~, ~ 2v, t~ ~, rr ~. Examples are given. 
Cata-condensed benzenoids are defined by having no internal vertices. Especially simple are the 
single straight and single zig-zag chains. The number of Kekul~ structures and their symmetries are 
treated in these two cases. In the latter case the Fibonacci numbers come in. 
Some classes of reticular benzenoids are defined, and the multiple zig-zag chains are considered 
in some detail. A recurrence formula for the number of Kekul6 structures with relevance to this class 
of benzenoids i presented for the first time, along with several deductions from it. 
INTRODUCTION 
Historical 
The history of Kekul6 structures began in 1865, when August Kekul6 invented the structural 
formula of benzene[l]. Based on intuitive chemical reasoning Kekul6 concluded that benzene 
is a cyclic molecule, having the form of a regular hexagon [Fig, 1 (I)]. This structure was much 
later confirmed by various diffraction and spectroscopic measurements; see, for example, 12]. 
Formula I, however, had a serious drawback. The carbon atoms became trivalent, contrary to 
the fact that in all other structural formulas known at that time the valency of the carbon atoms 
was 4. Kekul6 resolved this problem by inserting three additional carbon-carbon bonds in 1. 
This resulted in the formulas II and III, which are nowadays known under the name of the 
Kekul6 structures of benzene. In simplified rawings (see the bottom part of Fig. I) the hydrogen 
atoms are omitted. The representation f the structure of benzene by means of the formulas II 
and/or III was far from satisfactory. For instance, neither II nor III reflects the correct ~/6h 
symmetry of the benzene molecule. In addition, it was difficult for 19th century chemistry to 
accept he fact that the structure of a molecule need not be represented by a unique structural 
formula. 
A similar situation occurred with a great number of other organic ompounds, the so-called 
unsaturated conjugated systems, and especially the aromatics. In particular, there exist a great 
number of condensed aromatic molecules, which consist of fused six-membered (benzenoid) 
rings. They belong to the benzenoids according to a usual definition (see below). As an example, 
there are four distinct Kekul6 structures of anthracene (Fig. 2), none of which possesses the 
correct ~/2h symmetry. A Kekul6 structure has (loosely speaking) alternating single and double 
carbon-carbon bonds throughout. The discussions concerning the structure of conjugated mol- 
ecules continued until the middle of our century. A more or less satisfactory solution of the 
"Benzolproblem" was not obtained before the rise of quantum chemistry and, in particular, 
resonance theory[3,4] and molecular-orbital heory[4,5]. 
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Fig. 1. Structural formulas for benzene, C~H~. 
According to the resonance-theoretical interpretation[3,4] the ground state of the benzene 
molecule is described as involving both structures II and III (Fig. 1). Sometimes one speaks of 
benzene as resonating between the structures II and III. As a consequence, benzene is stabilized 
(relative to II or III) by a certain amount of energy, the resonance nergy. Figure I (bottom 
part, left) includes a modern representation f the benzene molecule. It is frequently simplified 
to a single hexagon. 
In the language of resonance theory the real ground state of anthracene (having f/zh 
symmetry) resonates between its four Kekul6 structures (Fig, 2) and has a lower energy than 
each of them. It should be emphasized, however, that the quantum-chemical resonance does 
not imply actual alternating between different structures during the time period[3,4]. This point 
has been a source for many misunderstandings. 
The role of Kekul~ structures in theoretical chemistry 
Recent developments in resonance theory[6-10] revealed the great role of the number of 
Kekul6 structures (K), especially in the theoretical chemistry of benzenoid hydrocarbons. Some 
of the most important practical applications of the Kekul6 structures, and their number K in 
particular, are the following. 
(a) The total -¢r-electron energy of a benzenoid hydrocarbon CvHs is a linear function of 
K and can be calculated by means of the semiempirical formula[ 11,12] 
E = (0.201o - 0.049s + 0.043K • 0.795 v-s) • E{benzene}. (1) 
Anthracene P2h Phenanthrene C2v 
+ A 1 Ag B2u A 1 + B 2 
K =4 K =5 
= + FKe k 2Ag 2B2U rKek = 4A I + B 2 
Fig. 2, The K Kekul6 structures for anthracene (K = 4) and phenanthrene (K = 5), classified according to symmetry. 
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(b) The resonance nergy (RE) can be estimated as [91 
RE =- 114.31nK [kJ .mol-~].  (2) 
(c) The rate constant of the reaction of a benzenoid hydrocarbon with maleic anhydride 
is well reproduced by the expression[13] 
k = O.O02(Kp/KR) t6 [dm 3" mol ~. s-I], (3) 
where Kp and KR denote the number of Kekul6 structures of the reactant (i.e. benzenoid 
hydrocarbon) and of the product, respectively. 
(d) If among the K Kekul6 structures of a benzenoid hydrocarbon Kr~ structures have a 
double bond between the atoms r and s, then the simple formula 
dr, = 146.5 - 13.0(KrJK) [pm] (4) 
reproduces the interatomic distances with an error of only 1 pro[8,10]. The relation is connected 
with one of the different definitions of bond order for carbon-carbon bonds. 
(3) Kekul6 structures have been employed in vibrational-force-field developments of ar- 
omatics in the area of molecular spectroscopy[ 14,15]. 
Many qualitative deductions from Kekul6 structures can be done. A simple consideration 
tells us, for instance, that phenanthrene is chemically more stable than anthracene. This is 
correctly predicted just from the number of Kekul6 structures, four and five, respectively, for 
these two isomers of Cj4Hr0 (cf. Fig. 2). Another interesting fact is that no conjugated hydro- 
carbons without Kekul6 structures have been found in nature, and all the numerous attempts to 
prepare such compounds have failed[ 16]. 
Mathematical treatments 
In principle all the Kekul6 structures for a given molecule may be derived by systematical 
drawings of alternating single and double bonds. With increasing size of the molecule this 
method soon becomes practically impossible. However, different methods are open for computer 
programming[17]. The mathematical problems of Kekul6 structures for benzenoids reduce to 
topological properties of congruent regular hexagons. A great amount of work has been done 
in this area, where graph theory has been used extensively. The literature is too voluminous to 
be cited here; we only refer to a previous review[18], which contains 104 references, and a 
modem textbook (two volumes) entitled Chemical Graph Theory[19]. Much less work has been 
done in applications of group theory to the symmetry of Kekul6 structures[20]. The intensive 
work in the area of Kekul6 structures in mathematical chemistry has led to many interesting 
results, but still a great deal of even fundamental problems have remained unsolved. 
BENZENOID SYSTEMS: BASIC CONCEPTS 
Definition 
Many studies of the conjugated hydrocarbons are concentrated upon six-membered (ben- 
zenoid) ring systems. In a restricted sense we define a benzenoid system as represented by 
congruent regular hexagons in the plane so that two hexagons are either disjoint or possess a 
common edge. (Many other names have been proposed for these systems in the literature.) The 
systems correspond to condensed aromatic molecules of six-membered rings (which are not 
exactly regular in reality). We include the single hexagon (corresponding to benzene) among 
the benzenoids. 
Characteristic' numbers 
A benzenoid is characterized (but not defined) by several integers[21,22]. The number of 
rings is here denoted by h. It is uniquely determined by counting the centers of all six-membered 
rings. The number of vertices, v, corresponds to the number of carbon atoms. In analogy with 
secondary and tertiary carbon atoms we will refer to secondary and tertiary vertices (also said 
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to have the graph-theoretical valency 2 and 3, respectively). Let their number be s (secondary) 
and t (tertiary). Then v = s + t, and also 
s = v - 2(h - 1), t = 2(h - 1). (5) 
The vertices are also divided into internal and external ones in a way which is easily grasped 
by intuition. (The external vertices lie on the contour or perimeter of the benzenoid.)  Let the 
numbers be designated vint (internal) and vex, (external). One has v = vi,t + Vex, and 
v~nt = 2(2h + 1) - v, V~xt = 2v - 2(2h + 1). (6) 
The tertiary vertices alone may be divided into internal and external ones (t = tin t q- text). One 
obviously has uint = tint and uext = s + tex t. These relations manifest he fact that all internal 
vertices are tertiary and all secondary vertices are external. Final ly we introduce the number of 
edges, e, which is 
e = v + h - 1. (7) 
It appears from eqn (5) that t always is an even integer (or zero for h = 1). uext is always even 
in accord with eqn (6). 
Coloring of vertices 
The vertices may be "co lo red"  by two colors (say black and white) in a unique way so 
that two adjacent vertices never have the same color. The black and white external vertices are 
evidently equal in number: 
v(b) = ,,(w)= Vext/2 = V -- (2h + 1). (8) ext 12exI 
~6h 
The three framed systems are peri-condensed; 
all the others cata-condensed 




Anthracene Phenanthrene e2h C s 
-0  g -4  g-5  
C Naphthacene Benzo(c)phenanthrene Tetrephene 
Tri ~henylene K - 5 K - 8 Chrysene K - 7 
"9  K -8  
Pyrene 
K -6  
Fig. 3. All benzenoid systems with number of rings up to 4. 
Kekul6 structures and their symmetry properties 863 
Classification of  benzenoids 
Cata-condensed benzenoids have no internal vertices. The single hexagon is included in 
this class (although the term "condensed" is inappropriate in this case). The remaining ben- 
zenoids are called peri-condensed (cf. Fig. 3). Here we have not worried about special classes 
of benzenoids (e.g. corona-condensed), which may be excluded by a more sophisticated efi- 
nition. 
The symbol K is used to denote the number of Kekul6 structures. A precise definition 
reads: A Kekul6 structure (of an unsaturated conjugated hydrocarbon) is a structural formula 
in which every carbon atom is tetravalent and incident to exactly one double bond. Benzenoids 
with K = 0 can be constructed (cf. Fig. 3) and are termed non-Kekul6an. For Kekul6an 
benzenoids K > 0. 
Characteristic numbers for  Kekuldan benzenoids 
A Kekul6an benzenoid hydrocarbon must have an equal number of vertices of the two 
colors: 
v ~b~ = v ~w~ = v /2  = 2h + 1 - ( t i . t /2 ) .  (9 )  
In this case v must be an even integer. In fact, most of the characteristic numbers, viz. v, s, 
t, v~,,, v~,  t~,~, t~,~, are even (or zero) for a Kekul6an benzenoid, e is even when h is odd and 
vice versa. It is also clear that the internal vertices of the two colors must be equal in number 
for a Kekul6an benzenoid. It is found that 
vb~ ~,v~ tlbJ = tl~ 2h + 1 - v/2.  (10) in ~ Uint ~ -int -int ~- 
Finally, we may enumerate the single (e )  and double (e )  carbon-carbon bonds in a Kekul6 
structure. One has e_ + e= = e, and separately, 
s u 1 v 
e_ =~+t=~+h-1 ,  ,'= =~(s  +t ) - -~ .  (11) 
KEKUL I~AN AND NON-KEKUL I~AN SYSTEMS 
Figure 4 shows the coloring of vertices in two benzenoids. In one case (left-hand part) we 
find unequal numbers of black and white vertices (either total or internal). This system must 
necessarily be non-Kekul6an. The right-hand side of Fig. 4 exhibits equal number of black and 
white vertices in pyrene, which is a Kekul6an benzenoid. 
it was sometimes believed that the condition v (b~ = v ( ' ,  and consequently -int t(b) = -mr ~, is a 
sufficient condition for a benzenoid to be Kekul6an. Ten years ago, however, non-Kekul6an 
benzenoids possessing the condition of equality were depicted[21]. The smallest ones have 11 
rings (cf. Fig. 5). No criterion is yet known which easily decides whether a given benzenoid 
is Kekul6an or not. 
KEKUL I~ STRUCTURES AND GRAPH THEORY 
If the carbon-atom skeleton of an unsaturated conjugated hydrocarbon is represented by 
a graph, then it is easy to see that the (chemical) concept of a Kekul6 structure is fully equivalent 
to the (graph-theoretical) concept of a 1-factor. A l-factor of a graph G is a spanning subgraph 
of G whose all components have two vertices. More on 1-factors and l-factorization of graphs 
can be found, for example, in [23J. As a convincing example one should compare the four 
Kekul6 structures of anthracene (Fig. 2) with the four 1-factors of the corresponding graph (see 
Fig. 6). 
The coincidence between 1-factors in graph theory and Kekul6 structures in chemistry 
enables one to exploit various mathematical techniques in chemical investigations and, in 
particular, provides powerful means for the enumeration of Kekul6 structures. We shall mention 
here a few typical results[6,18]. Let A be the adjacency matrix of the molecular graph, defined 
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Non-Kekul ~an Kekul ~an 
l v(b) ~(b) = 7 = 8 
v(w) 6 v(w) = 8 
t (b) = I t (b) = I 
t (w) 0 t (w) i 
Fig. 4. Colored vertices in two benzenoids, one non-Kekul6an and one Kekul6an (pyrene). 
Fig. 5. Colored internal vertices in the two smallest (h = 11) non-Kekul6an benzenoids (K = 0) with equal number 
of black and white vertices (total or internal). 
I "" "" "" " 'e l  
~i ~ ~ ~I~ 
Fig. 6. The anthracene graph and its four l-factors. 
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1 2 3 4 5 6 
1 
o 1 o o o l I 
2 6 
1 o 1 o o o 2 
3 5 o 1 o 1 o o 3 
A= 
4 0 0 1 0 1 0 4 
0 0 0 I 0 1 5 
per(A) = 4 l 0 0 0 l 0 6 
dot(A) = -4 
Fig. 7. The adjacency matrix for benzene. 
as At, = 1 if the vertices x r and Xs are adjacent, and Ar., = 0 otherwise. The zeros include also 
the diagonal elements Arr. Figure 7 shows the example for benzene. 
THEOREM 1 
For alternate hydrocarbons (which possess no odd cycles), 
per(A) = K 2, (12) 
where "per"  denotes permanent. 
THEOREM 2 
For benzenoid hydrocarbons with v carbon atoms, 
det(A) = ( -  1)V/2K 2, (13) 
where "det"  denotes determinant. 
THEOREM 3 
If G is a molecular graph, Xr and x~ are its two adjacent vertices, and y ,  is the edge 
connecting Xr and x,, then 
K{G} = K{G - Yrs} + K{G - xr - x,}. (14) 
THEOREM 4 
If G is a molecular graph, xp and Xq are its two adjacent vertices, and xp is primary (it 
has the graph-theoretical valency 1), then 
K{G} : K{G - xp - xq}. (15) 
Figure 8 gives an illustration of Theorems 3 and 4 for phenanthrene (see also Fig. 2). 
These theorems provide an efficient method for the calculation of the number of Kekul6 
structures. An illustrative example concerning the zig-zag chain benzenoids is treated in a 
subsequent section. 
SYMMETRY OF KEKULt~ STRUCTURES 
The benzenoids considered here may belong to the symmetry group _r/6h or a subgroup of 
~/6h which includes the reflection in the horizontal plane: (~6h, C-/3h, 63h, C--/2h, 6 2o, 62h, or (~ t. 
Figure 3 shows examples of most of these symmetries. The ( 3h symmetry occurs for h -> 6. It 
is represented by one non-Kekul6an structure for h = 6 and one Kekul6an for h = 17 (see Fig. 
9). The c. 6h symmetry does not appear before h = 19, and for one single structure in that case 
(Fig. 9). 
CA~ff~ 2: 3/4B-I¢ 
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x 2 x I 
x 2 x 1 
G - Y I2  = G'  G - x I - x 2 
O-O O-O 
Ca_> 




K = 7/425 
Fig. 9. The benzenoids of 43, symmetry with h = 6 and h = 7, along with the smallest (h = 19) benzenoid of 66~ 
symmetry. 
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Table 1. Character table of( 2~ with the characters XKok for five benzenoids. (x is chosen perpendicular to the 
molecular plane) 
C2v E C 2 o(zx) o(yz) 
i A 1 1 1 1 i 
i r reduc ib le  A 2 1 1 -1  -1 
representa -  
t ions  B 1 I -1 1 -1  
B 2 I -I -I I 
Phenanthrene 5 3 3 5 
Benzo(c)phenanthrene 8 2 2 8 
Pentaphene I0 ~ 4 10 
Dibenzophenanthrene 13 5 5 13 
Ptcene  13 5 5 13 
The Kekul6 structures themselves may possess the full symmetry of the molecule (then 
they are said to be totally symmetrical), or their symmetry may be lower, and again belong to 
one of the groups mentioned above. A group-theoretical treatment appears as if it was designed 
for an analysis of these symmetries. The whole set of Kekul6 structures may be used as a basis 
of a representation of the molecular symmetry group. If the characters of this representation, 
say ×Kek, are obtained in one way or another, the standard group-theoretical techniques[24] 
readily give the corresponding symmetrical structure, 
1 
FKek = ~i niFi, ni = g- ~R x*(R)X~cek(R)" (16) 
(direct 
summation) 
Here F~ and Xg pertain to the irreducible representations, and g is the number of symmetry 
operations R (the order of the group). It is an embarrassing fact that no general methods are 
known for deducing XK~k for a given benzenoid. This goal of the group-theoretical treatment 
would at the same time solve the enumeration of Kekul6 structures, since one has 
K = XK~k(E), (17) 
i.e. the character of the identity operation is equal to the number of Kekul6 structures. In order 
to exemplify this problem we must resort to the opposite approach: to set up the characters 
after having drawn all the Kekul6 structures for a given molecule. Table 1 shows the characters 
for five benzenoids of symmetry (~z~ (cf. Figs. 3 and 10). 
The application of eqn (16) is exemplified for phenanthrene below. 
n(Aj) = ¼(1 • 5 + 1 • 3 + 1 • 3 + 1 • 5) = 4, 
n(A2) = ¼(1 . 5 + 1 .3  - 1 • 3 - I • 5) = 0, 
n(BO = ¼(1 .5  - 1 • 3 + 1 • 3 - 1 .5 )  = 0 ,  
n(B2) = ¼(1 .5  - 1 .3  - 1 .3  + 1 .5)  = 1. 
The result is consistent with the given FKek in Fig. 2. For benzo(c)phenanthrene (Fig. 3) one 
finds 
FK~k = 5Al + 3B2. 
For the three remaining benzenoids of Table 1 the FK,k expressions are given in Fig. 10. 
Coronene was considered in order to exemplify highly symmetrical molecules as well. It 
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Pentaphene Dibenzophenanthrene 
Picene 
K = i0 K = 13 K = 13 
FKe k = 7.41 + 3B 2 FKe k = 9A 1 + 4B 2 l~Ke k = 9/! 1 + 4B 2 
Fig. 10. Examples of benzenoids with h = 5 and belonging to the (. =~ symmetry .  
is the simplest CJ6h benzenoid apart from benzene itself. Figure 11 shows representatives of 
the 20 coronene Kekul6 structures, classified according to symmetry[20,25]. 
CATA-CONDENSED BENZENOIDS 
Introduction 
Recursive algorithms have been derived for the enumeration f Kekul6 structures in cata- 
condensed benzenoids[18,19,26,27]. For certain classes of such molecules algebraic formulas 
have also been given for K as well FK~k (see below; also Ref. [28], which gives a general 
treatment for K). Especially simple are the series of single straight chains (polyacenes) and zig- 
zag chains. We will designate these structures by L(h) and A(h), respectively. Naphthalene, 
anthracene and phenanthrene (cf. Fig. 3) are simple examples. They are to be designated L(2) -= 
A(2), L(3) and A(3), respectively. It is advantageous to include benzene to these classes as 
L(1) -= A(I). 
Single straight chain 
For the polyacenes, L(h), you can readily derive the number of Kekul6 structures just from 
systematical drawings. You will soon discover that the Kekul6 structures each contain exactly 
one double bond among the "vertical" edges (see Fig. 2), whose number is one more than the 
number of rings. Hence for the K number 
K{L(h)} = h + 1. (18) 
Alg Alg + B2u Alg + B2u 
A. +E. +B_ +E. A I +E 2 +B2u+EIu Alg + E2Z Ig Zg ZU lu g g 
K = 20 FKe k = 6AIz + 352g + 4B2u + 2Elu 
Fig. l 1. Representants for the six symmetrically equivalent sets of Kekul6 structures in coronene (~J6h), The number 
of structures (k) within each set is indicated in the central ring. They may be derived by reflections, rotations of 120 ° 
or rotations of 60 ° in the cases k = 2, 3 and 6, respectively. 
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The symmetry is ~2h for all cases of h -> 2. For the symmetrical structures the following 
formulas have been given[20]: 
FKek{L(h)} = + 1 Ag + 2 2., h = 2, 4 ,6  . . . .  ; (19) 
FKek{L(h)} = ½(h + 1)(Ag + B2.), h = 3, 5, 7 . . . . .  (20) 
Equation (20) is seen to be consistent with the result from Fig. 2 (anthracene) for h = 3. 
Single zig-zag chain and the Fibonacci numbers 
Consider the benzenoid A(h) of Fig. 12 (h -> 3). Apply Theorem 3 to the edge indicated 
by an arrow. Then 
K{A(h)} = K{A'} + K{A"} (21) 
The vertices xr and x2 (still referring to Fig. 12) are primary. Applying Theorem 4 twice one 
obtains 
K{A'} = K{g(h - 1)}. (22) 
Similarly, a repeated application of Theorem 4 to A" gives 
K{A"}  = K{A(h  - 2)}. (23) 
Equations (21)-(23) give the recurrence formula 
K{A(h)} = K{A(h - 1)} + K{A(h - 2)}, h ~ 3. (24) 
One has the initial conditions K{A(I)} = 2 (the case of benzene) and K{A(2)} = 3 (naphthalene). 
With the definition K{A(0)} = 1, eqn (24) is also valid for h = 3. In conclusion, the K values 
are found to be (h -> 0)[26,29] 
K{A(h)} = F,,+,, (25) 
where Fn is the (n + l)th Fibonacci number; 
F0 = Fj = 1, F,+l = F,, + F,,_~; n = 1 ,2 ,3  . . . . .  (26) 
1 2 . . . . . .  h -2  h - I  h 
Fig. 12. The benzenoid A(h), and illustration of Theorem 3. 
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The first Fibonacci numbers are: 1, l, 2, 3, 5, 8, 13, 21 . . . . .  Equation (25) is alternatively 
given (in closed form) by 
K{A(h)} = --~5 [ (1 2N/5)h+2 -- (1 ---2X/5)h+2]. (27) 
The first members of this class of molecules are A(1) = benzene (Figs. 1, 3), K = 2; 
A(2) ~ naphthalene (Fig. 3), K = 3; A(3)-= phenanthrene (Figs. 2, 3), K = 5; A(4)--- 
chrysene (Fig. 3), K = 8; A(5) --- picene (Fig. 10), K = 13. 
For h >- 3 the symmetry alternates between (20 and ~:2h for odd and even values, respec- 
tively. It has been found[20,29] that 
FK,k{A(h)} = ½(Fh+l + F(h+3)/2)A1 + ½(Fh+l -- F(h+3)/2)B2, h = 3, 5, 7 . . . .  ; (28) 
FZCk{A(h)} = ½(Fh+l  4- Fhl2)Ag + ½(Fh+ 1 - -  Fh/2)Bu, h = 4, 6, 8 . . . . .  (29) 
Equation (28) is consistent with the result from Fig. 2 (phenanthrene) and Fig. 10 (picene) for 
h = 3 and 5, respectively. 
SOME CLASSES OF RETICULAR BENZENOIDS 
Algebraic formulas have also been derived for the number of Kekul6 structures of multiple 
chains (reticular benzenoids). Figure 13 shows three examples, which have been studied. For 
two of the classes the expressions of K are known in closed form[30]: 
K{T(m, n)} = (m + 1) n, (31) 
For n = 1 the three classes of Fig. 13 coincide; T(m, 1) - L(m, 1) ~ A(m, 1) ~- L(m). 
Moreover, the formulas (31) and (32) both give K = m + 1 (n = 1) in consistence with eqn 
(18). Equation (31) also applies to m = l, which corresponds topolyphenylenes (cf. Fig. 14), 
although these molecules are not (condensed) benzenoids. One obtains K = 22 = 4 for T(1, 
2) -= biphenyl, in consistence with Fig. 8. T(2, n) for n -~ 2 are called polyrylenes. The simplest 
example is perylene, T(2, 2); cf. Fig. 15, which also gives the number of Kekul6 structures 
(32) and the deduced FKek[201. The multiple zig-zag chain A(m, n) is identical with L(m, n) 
for n = 2: A(m, 2) -- L(m, 2) --- L(2, m). The smallest Kekul6an peri-condensed benzenoid, 
pyrene (Fig. 3), is equivalent to A(2, 2) -= L(2, 2). No general formula is known for the number 
of Kekul6 structures of the A(m, n) benzenoids. In the subsequent section we report some new 
findings in this area. 
MULTIPLE ZIG-ZAG CHAINS 
Augmented structure 
In our studies we have augmented the A(m, n) structure by an auxiliary row on top of it, 
consisting of k rings, where 0 -< k -< m (cf. Fig. 16). The augmented structure is designated 
A(m, n, k). For the limiting values of k one has, by virtue of the definitions, 
A(m, n, 0) -= A(m, n), (33) 
A(m,n ,m) -=A(m,n  + 1). (34) 
Recurrence formulas 
Using a reasoning similar to, but slightly more complex than, that which led to eqn (24), 
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Fig. 13. Three classes of reticular benzenoids. 
a recurrence formula for the number of Kekui6 structures, K{A(m, n, k)}, has been derived. It 
is communicated here for the first time: 
K{A(m, n, k)} = K{A(m, n, k - 1)} 
+ K{A(m,n - 1, m - k)}; m- - -k>0,  n -> 1. (35) 
A similar formula for k = 0 is obtained on combining (35) with eqns (33) and (34): 
K{A(m,n,  0)} = K{A(m,n)} = K{A(m,n - l ,m)} = K{A(m,n - l ,m - 1)} 
+ K{A(m,n - 2,0)}, m-> 1, n ->2.  (36) 
1 2 3 . . . .  n 
T(I, n) 
K = 2 n 
Fig 14 Polyphenylenes 




= + + + FKe k 4Aft 2B3g Blu 2B2u 
Fig. 15. Perylene. 
The integer n is also allowed to have the value of zero. Hence we have an initial condition as 
K{A(m, 0, k)} = k + 1, k ->0.  (37) 
This is the case of L(k), for which the K number is given by eqn (18). It is convenient to include 
k = 0 by virtue of the definition K{A(m, 0, 0)} = 1, although this trivial case of "no rings" 
is inadequate for benzenoids. Another initial condition reads 
K{A(m, 1,0)} = m + 1, m>-0 ,  (38) 
where the appropriate structure is L(m). The formula (38) may also be derived from (37) with 
the aid of (33) and (34); one has A(m, 1, 0) -= A(m, 1) -= A(m, 0, m). Finally, we extend the 
trivial case of "no rings" to be described by m = 0 as well as n = 0. Hence, for arbitrary m 
and n, 
K{A(m, 0)} = K{A(O, n)} = 1. (39) 
Single zig-zag chain 
Consider the structures represented by A(I ,  n) --- A(n). Equation (36) gives 
K{A(1, n + 1)} = K{A(1, n, 0)} + K{A(1, n - 1,0)} = K{A(1, n)} 
+ K{A(1, n - 1)}, n-> 1, (40) 
which is consistent with eqn (24). In the present notation one attains 
K{A(I, n)} = F,+,, n > 0 (41) 
[cf. eqn (25)]. 
, , *D  
n eooQ oo , .  
n-1  , , , ,  
: 
* ~ l e l a  • , * ~ .  • 
Fig. 16. The reticular A(m, n) benzenoid augmented with a row of k rings at the top: A(m, n, k). 
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A I A I + B 2 
K = 14 
FKe k = IOA] + 4B 2 
Fig. 17. The Kekul6 structures ofA(2, 3) ~ benzo(g, h, i)perylene (,.,,), classified according tosymmetry. 
Double zig-zag chain 
For the structures A(2, n) repeated application of eqns (35) and (36) lead to 
K{A(2, n + 2)} = 2K{A(2, n + 1)} + K{A(2, n)} - K{A(2, n - i)}, n-> 1. (42) 
As initial conditions we have K{A(2, 0)} = 1, K{A(2, 1)} = 3 and K{A(2, 2)} = 6 (the case 
of pyrene). Hence all K numbers for higher values of n may be found successively; K{A(2, 
n)} = 14, 31, 70, 157 . . . .  forn  = 3, 4, 5 ,6  . . . . .  The example of A(2, 3) is shown in 
Fig. 17, where the 14 Kekul6 structures are classified according to their symmetries. 
Algebraic formulas 
Not only recurrence formulas, but algebraic formulas (in closed tbrm) are obtainable by 
repeated use of eqn (35). First, one obtains the summation formula 
K{A(m, n)} = K{A(m,n - I ,m)} = ~ K{A(m.n - 2, i)}, ,1--> 2. (43) 
i~0 
For n = 2 the above relation gives 
K{A(m, 2)} = K{A(m, 0, i)} = ~ (i + 1) = ~(m + l)(m + 2). (44) 
i=O t=(l 
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Table 2. Survey of some summation formulas for the number of Kekul6 structures of A(m, n) benzenoids 
r{A(m, n)]' n 
m 
EK{A(m,  n -2 ,  g)} n >_ 2 
i,-O 
m 
~-~(£  + 1)g{A(m, n-3 ,  i )}  rl > 3 
i,.O 
m 
(£ + 1) ra+ l)(m + 2) -~( I .  + 2 g{A(m, n-5,  i )}  n > 5 
£,-0 
As expected, this result is consistent with eqn (32); one has 
K{A(m, 2 )}= K{L(m, 2)} = (m +2 2) .  (45) 
Further applications of eqn (35) give a series of summation formulas similar to eqn (43), and 
applicable to n -> 3, 4, 5 . . . . .  Table 2 gives a survey up to n -> 5. The formula for n -> 3 
therein, when applied to n = 3, gives 
K{A(m, 3)} = ~ (i + 1)K{A(m, 0, i)} = ~'~ (i + 1) 2 
i=0  i=0 
1 
= ~(m + 1)(m + 2)(2m + 3). (46) 
Also, this result had been known previously[19]. For m = 2 eqn (46) gives K{A(2, 3)} = 14 
in consistence with Fig. 17. New equations are obtained upon application of the two bottom 
formulas of Table 2 to n = 4 and 5, respectively. The corresponding results of K{A(m, 4)} 
and K{A(m, 5)} are found in Table 3. 
Cases with k ~ 0 may also be treated in a similar way. Equation (35) has already been 
found very useful. A further exploitation of it has given the summation formula 
k 
g{A(m, n, k)} = ~g{A(m,n  - 1, m - i)}, m>-k>- -0 ,  n-> 1. (47) 
i=0  
Table 3. Algebraic expressions for the number of Kekul6 structures of some A(m, n) benzenoids with fixed 
values of n 
K{A(nl, n) ) Expression 
~{A(~, o)) i 
K{A(m, 1)} rn + 1 
1 g{A(m, 2)} ~(m + l)(m + 2) 
1 g{A(m, 3)} ~-(m + 1)(m + 2)(2ra + 3) 
K{ACm, 4)} 2~(m+ l ) (m+ 2)[5(m + 1) (m+ 2)+ 2] 
g{A(m, 5)} ~(m+ l)(m+ 2)(21n + 3)£2(m + l)(m+ 2)+ I] 
g{A(m, 6)} 7-~--~(rn + l)(m + 2) 5m(m + 1)(m + 2)(ra + 3) 
+ 2(2m + 3)'[7(m + l)(m + 2)+ 6]I 
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Table 4. Algebraic expressions for the number of Kekul6 structures ofsome A(m, n, k) benzenoids with fixed 
values of n 
K{A(m, n, k)} Expression 
g(A(m, 0, k)} k + I 
K(A(ra, 1, k)} (k + 1)(r,,+ t -~)  
K{A(m, 2, k)} ½(k+ l)[(m + I)(.+ 2)-~(k+ 2)] 
K{A(m, 3, k)} 61-(k ÷ 1){k(k + 1)(k + 2) 
When applied to n = 1 one finds 
k k 
K{A(m, 1, k)} = ~ K{A(m, O, m - i)} = ~ (m - i + 1) 
i=0 i=0 
= (k + 1)(m + 1 - k/2).  (48) 
On inserting k = 0 and k = m one obtains immediately the previous results for K{A(m, 1, 
0)} = K{A(m, 1)} and K{A(m, 1, m)} = K{A(m, 2)}, respectively (cf. Table 3). That covers 
the cases of A(m, n) for n = 1 and n = 2. Now we may apply the simple summation formula 
(43) for n = 3 along with eqn (47). It gives 
K{A(m, 3)} = ~K{A(m,  1, i)} = ~ (i + 1)(m + 1 - i /2), (49) 
i=O i=0 
which leads to the same result as above in eqn (46). In a similar way the summation formulas 
for n -> 3, 4 and 5 (cf. Table 2) may be used to give K{A(m, n)} for n = 4, 5 and 6, respectively. 
The new result for K{A(m, 6)} was entered into Table 3. We have continued this procedure to 
evaluate the expressions of K{A(m, n, k)} for k = 2 and 3. The results are found in Table 4. 
An application of these relations with the summation formulas of Table 2 might give the 
expressions of K{A(m, n)} for still higher values of n, actually up to n = 8. Such analytical 
derivations rapidly become very complicated. 
Finally, we wish to give some examples of A(m, n, k) benzenoids with k # 0. One has 
the A(2, 1, 1) and A(3, 1, 1) equal to phenanthrene and tetraphene, respectively (cf. Table 3). 
Equation (48) correctly gives K{phenanthrene} = 5 and K{tetraphene} = 7. Two five-ring (h = 
5) molecules not belonging to any of the classes considered above are shown in Fig. 18. 
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Benzo(e)pyrene 
Benzo(a)pyrene 
g(3, 1, 2) A(2, 2, 1) 
K=9 K=I I  
Fig. 18. Two benzenoids ofA(m, n, k) with k ~ 0. 
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